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An affine transformation model is used to calculate the macroscopic stress tensor for uniaxial 
liquid crystals. In  the special case of constant degrees of alignment, it is shown to be of the 
form occurring in the Ericksen-Leslie director theory for nematic liquid crystals, resolving an 
apparent discrepancy on the form of the stress tensor. The corresponding Leslie and Miesowicz 
viscosities are calculated in terms of the alignment order parameters and those of the affine 
model. These results improve the approximate calculations of Ehrentraut and Hess [Phys. Reo. E 
51, 2203 (1995)] based on a hindered rotation assumption. I t  is further shown that the cal- 
culated orientation-dependence of the viscosities based on the affine model is the same as that 
resulting from calculations based on an alternative Fokker-Planck equation for the one par- 
ticle orientational distribution function. 

Keywords: Liquid crystal theory; nematics; discotics; rheology; affine transformation 

INTRODUCTION 

The anisotropy of liquid crystals leads to numerous viscosity coefficients in 
order to describe the flow properties. Recently there has been some interest 
in calculating these viscosities. A common approach uses statistical models 
[ l -  IS] based on a Fokker-Planck equation approach introduced by 
Hess [16] and Doi [17]. The method relates the viscosities to the particle 
geometry and the alignment order parameters. An alternative procedure for 
modelling nematic liquid crystals is based on the affine transformation 
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246 M. KRoGER AND S. SELLERS 

model [ 18-20], which was proposed to describe anisotropic fluids consist- 
ing of perfectly aligned ellipsoidal particles. It uses an afine variable trans- 
formation to relate the physical properties of a perfectly aligned anisotropic 
fluid to those of a linearly viscous isotropic fluid. This model has also been 
extended to biaxial particles [21]. 

Various non-equilibrium molecular dynamics simulations [ 19,20,22,23] 
of perfectly aligned fluids have supported the predictions of the affine trans- 
formation model. Real liquid crystals however are not perfectly aligned, so 
that comparison to experimental data is difficult. Motivated by the success 
of a generalization of the affine transformation model to describe diffusion 
in partially aligned fluids [24], the same procedure to obtain the stress 
tensor for partially aligned fluids was applied recently in Refs. [25,26]. 
Upon comparing the resulting stress tensor with the stress tensor in the 
Ericksen-Leslie continuum theory [27-291, they obtained relations for the 
Leslie viscosities in terms of the particle geometry and alignment order 
parameters. In these calculations, however, they assumed some restrictive 
mathematical simplications: hindered particle rotations and, hence, steady- 
state director solutions. While for certain flow conditions or certain fluids 
such assumptions may be valid, they do not hold in general. For example, i t  
is well known that for some materials the director undergoes periodic 
tumbling motion in steady shear. Furthermore a rotational viscosity tensor 
was obtained (instead of the usual scalar rotational viscosity). They ob- 
tained thus only partial agreement with the Ericksen-Leslie theory, Such a 
result would seem to us to question the general validity of the approxi- 
mations made. 

As in [25,26], we present here a calculation of the viscosities according to 
the modified affine transformation model. Our point of departure is the 
method of calculating the viscosities, which does not involve the hindered 
rotation assumption. Our approach leads to viscosity expressions that differ 
somewhat from those given in [25,26]. In particular we show that if the order 
parameters are constant, then the correspondence with the Ericksen-Leslie 
stress tensor is exact. Furthermore we obtain explicit relations for all the Leslie 
viscosities. While the expressions for the remaining Leslie viscosities Refs. 
[25,26] remain unchanged, their expressions for the Miesowicz viscosities must 
be corrected. Sample numerical calculations are given to illustrate the differen- 
ces. For simplicity we treat only incompressible fluids. The results for com- 
pressible fluids (as treated in Ref. [26]) follow in a straightforward manner. 

A comparison is made with alternative calculations based on a Fokker- 
Planck equation [12]. It is shown that there is a surprising similarity in the 
two approaches in that they both predict the same type of dependence of 
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RHEOLOGY OF NEMATIC LIQUID CRYSTALS 247 

the viscosities on the alignment order parameters, although the dependence 
on the particle geometry differs. Experimental data however does not seem 
sufficient to discern between the two models. 

1. PHENOMENOLOGY 

A. Ericksen-Leslie Stress 

It is common to use the Ericksen-Leslie theory [27-291 as a model for the 
flow properties of liquid crystals. Here we fix notation and cite the results 
that will be needed later. 

In the Ericksen-Leslie theory, a unit vector n (the director) is introduced 
to represent the macroscopic symmetry axis at each point in space. The 
stress tensor t~ is assumed to depend on the velocity gradients Vv, the 
director n, and a corotational time derivative of the director N. For an 
incompressible nematic liquid crystal, the viscous stress tensor is given by: 

orv = ulnlnKraKn,nv + a2n,N,  + a,n,n, 

In the above, 

As usual the isotropic terms have been incorporated into the pressure. In 
addition, it is usual to introduce the rotational viscosities y1 and y 2  defined by 

They appear in the equation for the director. Another common parameter is 
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248 M. KROGER AND S. SELLERS 

-2 Y 
Yl 

(4) 

which for 1i12 1 is related to the flow alignment angle. 

6. Miesowicz Viscosities 

Commonly measured viscosities are the three Miesowicz viscosities [30] 
q l ,  q2,  q3 .  They are the effective viscosities in a plane shearing Bow with the 
director aligned in the direction of one of the three unit axes. In terms of the 
Leslie viscosities they are given by 

( 5 )  
1 

'1 =-a4. 
3 - 2  

An additional effective viscosity q l  has been introduced by Helfrich [31] 
for shearing flow. It is defined as 

C. Goal 

Our goal in this paper is to calculate the viscosities ai,yi,A, and qi based on 
the affine transformation model for partially aligned liquid crystals (sum- 
marized in section 2) and to compare them with the corresponding results 
from a Fokker-Planck equation approach (summarized section 5).  

II. AFFINE TRANSFORMATION MODEL 

A. Perfect Alignment 

In order to fix notation, we summarize here the basic results of the affine 
transformation model. More details can be found in the original papers 
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RHEOLOGY OF NEMATIC LIQUID CRYSTALS 249 

[19,20]. The affine transformation model starts from a nonspherical inter- 
action potential &(r) for ellipsoids of revolution which is obtained from a 
spherical interaction potential @(r‘) with r‘ = )Ir”JJ by an affine transformation, 
6 ( r )  = (3, with r and f linked by 

A volume preserving transformation of a sphere into an ellipsoid of revo- 
lution of axis ratio Q (Q > 1 for rod-like particles, Q < 1 for disc-like par- 
ticles) and axis of symmetry u is obtained for 

A,, = Q 2 ’ 3 [ G , ,  + ( Q - *  - l)u,u,]. (8) 

The microscopic expression for the potential contribution to the stress ten- 
sor Q is related to the two-body potential through the virial Q,,K (r,V,,&). 
Due to (7), the spatial derivative V is linked with 0 in the affine space by 
v,, = A;,’”V,. It follows that the strain rate tensors (as defined in 2) written 
in the different frames are related as 

Thus one has d,, = 
viscous stress tensor of an incompressible isotropic fluid 

nLK A;,”’. With the usual assumption for the 

the measurable viscous stress for the anisotropic fluid becomes (let us intro- 
duce the indexing ‘“‘d in order to denote perfectly ordered) 

Substituting (7) into (1 1) yields a stress tensor of the form 

+ u ~ ; ~ u , U ,  + aYdr,,, + ao;du,ulrlv 

+ a;du,ull-l,,. 
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250 M. KROGER AND S. SELLERS 

with U ,  = ti,, - sZ,,u,. The coefficients of the perfectly aligned fluid are given 
by 

aord - - p r d  
5 -  2 9  

aord - aord 
3 '  6 -  

nord Q 2  -t - 
Q2 - 1' (13) 

Thus in the case of perfectly aligned ellipsoids with symmetry axis u, we can 
identify the u with the director n in the Ericksen-Leslie theory. Note that 
axis ratio Q is the only adjustable parameter in the affine model. 

The Miesowicz viscosities of the perfectly aligned fluid are obtained from 
(5) and (13) and are given by 

These analytical expressions for the viscosities were successfully compared 
with molecular dynamics computer simulations for ellipsoidal potentials 
c201. 

The antisymmetric part of the stress tensor (12) is 

The antisymmetric part of the stress is balanced by the external couples. In 
particular, when the external couples vanish, the antisymmetric part also 
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RllEOLOGY OF NEMATIC LIQUID CRYSTALS 251 

vanishes, and we obtain 

6. Partial Alignment 

We follow [26] and assume that the stress tensor n for the partially aligned 
fluid is obtained by averaging the stress tensor anrd for a perfectly aligned 
fluid over all orientations: 

Eq. [17] is supported by other approaches, cf. [13], and is consistent with 
other previous calculations. 

Again, in the case of no applied external couples, the antisymmetric part 
of the stress tensor vanishes. In this case we obtain from (17) 

Note however that now the particle symmetry axis u and the director n no 
longer coincide. In the next section, we show how they are related in the 
case of uniaxial symmetry. 

111. UNIAXIAL ALIGNMENT 

To calculate the viscosities, appropriate expressions for moments of align- 
ment are needed. Here we collect the necessary expressions. In the case of 
uniaxial symmetry (n being the symmetry axis), the second and fourth mo- 
ments of the alignment reduce to the following expressions [32]: 
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252 M. KROGER AND S .  SELLERS 

+- 1 --s2 +-s, r,,. 
15 ” (  :” 7 ’ >  

where the alignment order parameters are defined as averages of Legendre 
polynomials: 

S, = (P,(u.n)),  S, = (P,(u.n)). (21) 

They range in value by 

1 3 
- - 6 S , d  2 1, --<s,< 7 1. 

For perfect alignment S ,  = S, = 1; for random alignment (hence, isotropic) 
s, = s, = 0. 

IV. VISCOSITIES FOR AFFINE TRANSFORMATION MODEL 

A. Leslie Viscosities 

We now proceed to the calculation of the viscosities. We neglect the explicit 
effect of the external couples on the viscosity coefficients, so that we may 
take the antisymmetric part of the stress as zero when calculating the 
viscosities. This assumption is supported by calculations based on a Fok- 
ker-Planck equation (see Sec. V) and is also consistent with those of [26]. 
Substitution of (19) and (20) into (17) and using (18) leads to the slightly 
more general expression for the stress tensor 
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RHEOLOGY OF NEMATlC LIQUID CRYSTALS 253 

where the coefficients are given by 

x1 = S4~Yd-~" 'S4 (Q - Q -  1)2, (244  

aord z2=- (  2 + 
2 

= - v " ' ( Q - ~  1 - Q2)(1 + i - ' ) s 2 ,  
2 

a,=-( aord 2 + a";)(l - 3.-')S2 
2 

15 

1 
3 

+ -( 1 - S2)(a0;d - a y )  

(Q - Q- ').I. (7 - 5s2 - 2S , )  
35 

2 
7 

x 5  = - S2ao;d+-(S2 - s4)ayd 

2 ? p  
= fe r (Q2  - 1)S2-7-(Q-Q-1)2(S2-S4),  (244 

2 
7 

a6 = - s2ayd + -(S2 - S4)ayd 

Q4f) 
2 f f  

= v ~ " ( Q - ~ -  1)S2 --(Q-Q-1)2(S2-S4). 
7 
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254 M. KRC)GER AND S. SELLERS 

35 s;yy 
"' = 14 + 5S2 + 16S, 

- 35qrCf(Q-' - Q)'Sf 
- 

(14 + 5s' + 16S,) ' 

y2  = yYdS2 = q"'S,(Q-' - Q'). 

1 P I  = i(a';rd + 0 ~ 0 ; ~ )  = --qKr(Q-' - Q'). 

. (14 + 5s' + 16S,)Pd 
A =  

35s' 

- (14 + 5s' + 16.9,) (Q2  + 1) 
35s, ( Q 2  - 1) 

- 

The additional viscosities due to compressibility effects remain identical to 
those given by [26] and are not repeated here. 

Note that in the case of perfect alignment ( S 2  = S, = l), the viscosities (24) 
reduce to (13). Also the stress tensor (23) has the form recently proposed by 
Ericksen [33] for variable degree of alignment. When the order parameters 
are constant, then it corresponds exactly with the stress tensor (1) in the 
classical Ericksen-Lesile theory. This result clarifies the apparent discrep- 
ancy reported in [26]. 

It is seen from (24) that the viscosities have the following invariance: 
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RHEOLOGY OF NEMATIC LIQUID CRYSTALS 

Pi (Q- ') = - P i  (Q), 

255 

%(Q- ') = A(Q). (25) 

Thus using the above invariance we can express the viscosities of the disco- 
tic phase (Q < 1) in terms of the viscosities of the rod-like nematic phase 
( Q >  1). 

6. Miesowicz Viscosities 

Substitution of (24) in (5) yields 

35S2(Q2 - 1) +?(' - (14  + 5S2  + 16S4)(Q2+ 1) - Q2), - 2  

(7 - 15S2  + 8S4) ?z= s"(Q2 - 1) + ( Q - Q - 1 ) 2 +  1 fyf 2 70 

)(Q-z - QZ), 
35S2(Q2 - 1 )  

(14 + 5S2 + 16S,)(Q2 + 1)  

( Q - Q - i ) 2 + 1 .  t13 - (7 - 5S2 + 2S4) 
f r  70 
-_ 

These expressions improve the corresponding ones given in [26 ] .  For the 
Helfrich viscosity we obtain 
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256 M. KROGER AND S. SELLERS 

which is identical to the result in [26] .  The following invariance holds: 

In the case of random alignment ( S ,  = S ,  = 0), the fluid is isotropic and we 
obtain for the viscosities 

q1 = q2 = q3 = qrc'[ 1 + -(Q 1 - Q - ' ) 2 ] ,  

10 

'712 =o. 
And in the case of perfect alignment (S2 = S ,  = l) ,  they reduce to (14) as 
they should. Results for two different axis ratios are plotted in Figures 1 
and 2 together with the results from a Fokker-Planck approach as outlined 
in the subsequent section. In view of the relations between qk(Q) and 
qj(Q-l)  as given in (28), we plot only axis ratio Q > 1. For example, the 
Miesowicz viscosities for discotics with axis ratio Q = 0.5 can be deduced as 
follows: ' 71  1 Q = & S  = '12 1Q=29 '72 I Q = O . S  = '71 1Q=2*  '73 I Q = O . S  = '73 I Q=2,  '712 I Q=O.S = 

'7121Q=2' 

V. COMPARISON WITH FOKKER-PLANCK CALCULATIONS 

A. Summary 

An alternative method for calculating the viscosities is based on a Fokker- 
Planck equation with a mean-field interaction. Here it will be shown to lead 
to a surprising similarity in qualitative results from the affine model. The 
following presentation is based on [ 123. 

In mean field theory, we consider a single molecule having symmetry axis 
u(l uI = 1) subject to a macroscopic flow Vv = r + Q. The time evolution of 
the alignment u is determined by a balance of torques: hydrodynamic, 
brownian, external, and mean field. It is given by 
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0 I I 
4.4 4.2 0 0.2 0.4 0.6 0.8 I 

2 .  

I .5 

1 .  

0 5 .  

0 . .  
.0.4 0.2 0 0.2 0 4  0.6 0.8 I 

1 

1.5 ' 

O L .  . I . . . . . I  
4 . 4  4.2 0 0.2 0.4 0.6 0.8 I 

0.8 

0.7 ' 

0.6 
0: . . 

0 . 4  4.2 0 0.2 0.4 0.6 0.8 I -0.4 4.2 0 0.2 0.4 0.6 0.8 I 

FIGURE 1 Dimensionless Miesowicz viscosities q: = qk / f  with k = 1, 2, 3 and f =  
(ql + q2 + q J / 3  vs degree of alignment order parameter S,. We report results for two different 
shapes of prolate molecules (axis ratio Q). Curve A corresponds to our results for the affine 
model, curve B to the original results of Ref. [27] and curve C to the Fokker-Planck approach. 

where D, is the effective rotary diffusion coefficient, f(u) is the orientation 
distribution function, V(u) is the potential, and B is a geometric factor 
usually taken as (Q2 - 1)/(Q2 + 1). For this case, rod-like molecules corre- 
spond to 0 < B < 1, disc-like molecules to - 1 < B < 0. Commonly the po- 
tential V(u) is taken as 

W) = Lf (u) + Vcxt(u), (3 1) 
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0 8  

-10 
.I 2 

4 4  41 0 0 1  0 4  0 6  0 8  I 4 4  41  0 0 1  0 4  0 6  0 8  

I 

O J  

-04 4 1  0 0 1  0 4  06 0 8  I 4 4  41 0 01 0 4  0 6  0 8  I 

FIGURE 2 The first dimensionless Leslie viscosity coefficient q7,  = a: and the difference 
between two Miesowicz viscosities q I  and q2  vs degree of alignment order parameter S ,  
(labelling as in Fig. I). 

where 

V,,, denotes the contribution due to an induced dipole by an external field H, 
xa being the anisotropic susceptibility, and Vmf denotes the mean-field contri- 
bution, U,, being a constant reflecting the energy intensity of the mean field. 

The orientation distribution function f(u) thus obeys the Fokker-Planck 
equation: 
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B. Viscosities 

B 2ck,TS4 
u ,  = - 

Dr ' 

Bck,T 
a 2 =  -- (1  + 1.- 1)S2, 

(1 - I P 2 ,  

2Dr 

BckBT ._ u 3 =  -- 
'or 

B2ck ,T  
3 5 0 ,  

u4=2q+- (7 - 5 s 2  - 2s4),  

-(3s2 + 4s4) + s2 , 1 
1 

U 5  =- 

-(3S, + 4S4) - s2 . a6=- 
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4.4 4.1 0 01 0.4 0.6 0.8 I 

C 
I/ 
0 I 

4.4 .0.2 0 0.2 0.4 0 6  0.8 

FIGURE 3 
parameter S ,  (labelling as before). 

The viscosity { as defined in caption of Figure 1 vs degree of alignment order 

Bck,TS, 
Y 2 =  - D ,  . 

Bck,T p1 = --. 
2Dr 

(14 + 5.5, + 16S,)B 
?& = 

35s, 

(36i) 

Upon comparing these expressions with (24) from the affine model, we see 
that they have the same dependence on the alignment order parameters 
S ,  and S,. Only in the dependence on the geometric factor do they differ. 
The corresponding Miesowicz viscosities as well as a,  are plotted in 
Figures 1 and 2 from which the quantitative differences are obvious. In 
plotting the curves we use the closure relation S ,  = S,(1 -(1 - S 2 ) o , 6 )  as 
motivated in [26] .  

VI. CONCLUSIONS 

The Leslie and Miesowicz viscosities of partially aligned uniaxial liquid 
crystals have been calculated based on (i) the affine transformation model 
for perfectly aligned particles and (ii) assumption (17) relating the stress of a 
partially aligned fluid to that of a perfectly aligned fluid. The resulting 
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KHEOLOGY O F  NEMATIC LIQUID CRYSTALS 26 1 

macroscopic stress tensor has been shown to be of the form in the Ericksen- 
Leslie director theory when the degree of alignment is constant, resolving 
the apparent discrepancy found by [26]. This discrepancy seems to have 
been based on their assumption of hindered rotation used to simplify the 
calculations. Furthermore our results on the orientational dependence of 
the viscosities improve those of [26] by eliminating the simplifying approxi- 
mations. The viscosities have also been shown to have the same orienta- 
tional dependence as those obtained by a Fokker-Planck approach for the 
one partical distribution function. In fact, the affine model corresponds to 
the deterministic part of the equation of motion in the Fokker-Planck 
approach. In general, assumption (17) allows us to calculate the viscosities 
for models when we have the perfect alignment results. The same procedure 
for case of perfectly aligned biaxial particles [21] will lead to the viscosities 
for biaxial liquid crystals. 

As already shown in Ref. [26], a proper choice of parameters can lead to 
a relatively good fit of the limited data available. More data over a large 
range of order parameters seems necessary in order to quantitatively evalu- 
ate the different models. Some work, for example, in this direction is pres- 
ently being done by [34-361. 
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